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SUMMARY

It is common in survival studies that censoring is dependent on potential failure. When subjects
in the study are independent each other, the dependence between failure and censoring is not
identifiable. However, this article shows that, when subjects are correlated, they can serve as
replicates for each other under certain circumstances. With replicates, dependent censoring is
identifiable. A simple test using martingale residuals is developed. Simulation studies evaluate
the performance of the test under different situations. For illustration, the test is applied to a
data set for kidney disease patients.
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1. Introduction

It has long been an important topic in survival analysis to identify dependent censoring. In
biomedical studies, patient survival time can be censored by many causes, for example, patient
withdrawal, changing treatment, or the end of the study. While censoring by the end of the
study is often independent of failure time, it is commonly true that patient voluntary with-
drawal and changing treatment are correlated with failure time (Lagakos, 1979). That is to say,
both independent and dependent censoring events are commonly present in survival studies.
However, if all the subjects in the study are independent of each other, then neither the exis-
tence nor the degree of the dependence between failure and censoring is identifiable (Tsiatis,
1975). This is because, with right censored data collected from independent subjects, only one
of each pair of censoring and survival times is observed, so the correlation between them cannot
be evaluated. Consequently, all the aforementioned events are treated as independent censoring

without distinction in common statistical practice. This will usually result in biased inference

(Klein and Moeschberger, 1987).

Various models have been proposed to deal with dependent censoring, see Emoto and
Matthews (1990), Robins and Rotnitzky (1992), Zheng and Klein (1995), Lin et al. (1996), and
references therein. These models are usually complicated. It would be desirable to do a simple
test to determine the presence of dependent censoring before jumping to those complicated
models. Lee and Wolfe (1998) proposed a test for independent censoring. They used data
collected after censoring. However, data after censoring are usually not available. This article
offers another test for independent censoring. It does not need data collected after censoring.
It uses correlated data, or more precisely, data collected from subjects from different clusters.
Subjects in the same cluster are correlated. They are assumed to share common proneness
to failure and censoring after adjustment for covariate effects. This assumption make subjects

within a cluster replicates for each other, so that a test for independent censoring is possible.



This assumption may not be true, but can be tested by the methods proposed by Gray (1995)
and Commenges and Andersen (1995). They used martingale residuals to test for the presence

of clustering in survival data. This article is motivated by their approaches.

We use the following example to illustrate the idea of using clustered data to identify de-
pendent censoring. In the data set for kidney disease patients analyzed in section 4 of this
article, there are 10,290 patients from 152 kidney centers. In this example, each kidney center
is a cluster, and patients are subjects in clusters. During the study, some patients died, some
patients withdrew, and the remaining majority were still alive at the end of the study. We
calculate the percentage dead and percentage withdrawn for each center. The correlation coef-
ficient between these two groups of percentages is 0.25. This descriptive approach gives some
evidence that withdrawal is positively correlated with failure across clusters. It suggests that
the relationship between failure and censoring can be assessed by clustered data. However, this
simple correlation ignores the lengths of survival and censoring times, and is not adjusted by
covariates. To account for these factors, we replace the percentages dead and withdrawn respec-
tively by martingale residuals from survival analysis models for death and withdrawal. This
makes the proposed test more sophisticated than this naive percentage correlation approach.

Nevertheless, the proposed test is still easy to implement.

The test is developed in section 2. In this section, we first introduce the basic idea and
approach of the test. Then we show that an adjustment is necessary due to the estimation
of the cumulative hazard functions. Simulation study results are reported in section 3. Three
models are used to generated different dependence structures between failure and censoring
times. The performance of the proposed test is evaluated under these different situations. Sec-
tion 4 illustrates the use of the test by the above example data set for kidney patients. Section

5 discusses the advantages and limits of the proposed test. In the exploration of the testing



methods, we find a new property of the Nelson-Aalen estimator. This property not only affects
our proposal, but may also have its own independent value. The models used in the simulation

studies are also useful for analyzing correlated data and dependent censoring.

2. Methods
2.1  Notation and Assumptions

Suppose there are two types of censoring, namely drop-out and administrative censoring.
Drop-out could be any type of potentially dependent censoring, such as initiating a non-
randomized therapy in the middle of a randomized trial. Administrative censoring, such as

that caused by the end of the study, is assumed to be random.

Denote the failure, drop-out and administrative censoring times for a subject by 7', C' and
Q respectively. Let X = min(T,C, Q). Define A) = 1 if X = T and A) = 0 otherwise.
Similarly define A©) and A@. They satisfy AT + Al 4 Al@ = 1. The administrative
censoring time () is assumed to be independent of both 7" and C, and will not be discussed
in detail. From now on, “censoring” will be used to mean drop-out only. The distributions of
T and C are assumed to be continuous. We discuss two situations, namely, with and without
covariates. When there are covariates, denote by Z(™) and Z(©) vectors of covariates associated
with failure and censoring respectively. They may be completely distinct or overlapping or
even identical. They are assumed to be time-independent in this article, but the method can
also be applied to data sets with external time-dependent covariates (Kalbfleisch and Prentice,
1980). When there are internal time-dependent covariates, the approach proposed by Robins
and Rotnitzky (1992) can be applied. They did not consider the issue of correlation due to

clustering. The method in this article can be used as a supplement to their approach.

Suppose there are m clusters and n; subjects in the i** cluster. The total sample size is



then N =3"" n;. We first assume equal sample size n; = n for i = 1,--- ,m, then discuss the
situation of unequal cluster sizes at the end of § 2.4. Clusters are assumed to be independent
each other. However, within each cluster, T;j;,j = 1,--+ ,n, are correlated with each other. It
is also assumed that the joint distribution of failure times, censoring times, and covariates (if

any) are identical across clusters.

2.2 General Methods

The basic idea to detect the dependence between failure and censoring is to use the cor-
relation between two groups of martingale residuals: one defined by failure and the other by
censoring. Denote the marginal cumulative hazard functions at time w for T;; and Cj; respec-

tively by AE;‘-F) (u) and AE].C) (u). Then, the martingale residuals are the following.

R — A _ A,

(] ij ij
R = A = A5 (X)
Note that E(RZ(JT)) = 0 and E(joc)) = 0. To take advantage of the clustering, let Rg,T) =
%Z?:l RZ(J-T) and similarly define R They also have expectation zero.

7

We conjecture that the Pearson correlation coefficient,

p = Corr(R R),

i
can be used to detect the correlation between failure and censoring. It will be shown later that,

under the assumption of independent censoring and some other conditions, we have p = 0.

Using the empirical estimator p for p, A test for p = 0 is as following.

t = ~ tm—a when p=0. (1)

This t-test can be found, for example, in Lehmann (1991). It is derived under the bi-variate

normal distribution assumption. Here the assumption of the test is violated. RE,T) and RZ(,C)
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are not independent (It is easy to see that RZ(]-T) and RZ(J-C) cannot be both positive), and their

distributions are skewed.

Another approach is to test u = E(RE,T)R(C)) = 0. In this case, R(,T) RZ(,C) is viewed as a

single variable and a generic ¢-test can be used. That is to say, let

1 m
. ) ~(C
= LY RDEO.
i=1
. I & o) @) -
P s o DR -y
1=1

Then, when g = 0, we have that

—
ty = \/§_M ~ Tyt . (2)

(©)

The underlying assumption is that RE,T) R, has a normal distribution with mean p and vari-

ance o2. By this method, the dependence between Rg) and joc) becomes irrelevant. The
variance estimator for /i is also more robust than that for p in (1). However, this is not our final

proposal. A problem arises in the estimation of cumulative hazards. In §2.4, we will adjust our

test statistic to take care the problem.

2.3 Estimation of Cumulative Hazard Functions

The hazard functions used in the computation of residuals are not known, they must be
estimated. We will ignore the cluster structure to do the hazard estimation. If there are not
covariates in the data set, we can use Nelson-Aalen estimator for hazard functions (see, for
example, Fleming and Harrington (1991)). Ying and Wei (1994) showed that the estimated
hazard functions still converge to their true values, even if the within-cluster correlation is
ignored in the estimation. However, the following algebraic property of Nelson-Aalen estimator

complicates our testing method, and makes adjustment necessary.



THEOREM 1. When hazard functions are estimated by Nelson-Aalen estimators, we have that

m n ~(T) p(C
Zi:1 Ej:1 Rz(j )Rz(j ) = 0.
Proof. See Appendix A.

We will show in the next subsection how this property affects our test. Here we would like
to emphasize that this property is purely algebraic. It holds no matter whether 7" and C are
actually independent or not, nor whether subjects are correlated or not. Note that the cluster
structure is ignored here. Therefore, the above theorem simply means the sum of the products
of failure and censoring residuals is zero if hazards are estimated by Nelson-Aalen estimators.
That is to say, beside the well-known property that the sum of estimated residuals is zero (i.e.,
D iml 21 REJT) = 0 and Y32, 70, REJC) = 0), we found another property of Nelson-Aalen

estimator. This discovery may have its value independent of this article.

When there are covariates in the data set, we may assume the following marginal propor-

tional hazard models for failure and censoring respectively.

{ XD (] 20, 2(9) = A" (u) exp(87 2T), (3)

AO (u| 2D, 7)) = MO (u) exp(BE) 2O .
Lee et al. (1992) showed that by using the common Cox (1972) score equation for ) and
B and Breslow (1972) estimator for AT) and A(©)| the resulting parameter estimates are still
consistent, and their covariance matrices can be gotten by using Sandwich estimators (White,
1982). When there are covariates, the sum of residual products as above may not be exactly
equal to zero, but is always very close to zero (by simulations not shown). The implication of

these properties to our testing procedure is described in the next subsection.



2.4  Adjustment

For each cluster, define

U =

Zg (4)
Vi = ZR

Then RIR = = (U; 4+ V;). The t-test in (2) is

I & (6)
Var(U+V)

where U = % > U; and similarly for V. By Theorem 1, we always have V' = 0. That is to say,
those terms V; make no contribution to the numerator of (6), but contributes to the variance
estimator in the denominator of (6). Therefore, the variance is inflated and ¢, gives conservative
results. Our simulation results (not shown) verified this point. To avoid the problem caused

by V;’s, the statistic t5 is modified into

vmU
\/Var \/ml Yo (Ui — U)

The performance of t, will be assessed by simulation studies in the next section.

(7)

If cluster sizes are all equal to one, i.e., there are no clusters, then we have V;’s only, and do
not have U;’s. Thus we cannot test the independence between T and C' by the above method.

Actually the assumption of independent censoring cannot be tested in this case (Tsiatis, 1975).

When cluster sizes are not equal to each other, weighted version of (7) may be more ap-

propriate. For example, if we assign weight w; = to cluster ¢, then the resulting test is

ng
N



following.

ty = ————. 8
Suw Zﬁlw? )

The optimal weights have not yet been investigated. However, we suspect that the optimal

weights depend on the within cluster correlation, which is not specified here.

2.5 A Model for Clustered Data with Dependent Censoring

We will use the model below to describe a dependence structure between 7" and C, and to
evaluate the performance of the proposed test. This model is proposed by Huang and Wolfe
(2002). For simplicity, we consider the case of without covariates first. The model assumes
that, conditional on clustering effect A;, the hazard functions for 7;; and Cj; at time u are
hz(;[)(u) and hZ(JC)(u) respectively as below.

Ai ~ N(0,0?),i0.d.,i=1,--- m,
e

T) T
hggj (u|Z (]T {C - hgc> (u) exp(4;), o)
hE] z] ) zg ’ l - h(() )(u) exp(fy AZ)?
Z:L 7m7j:17"' y N

In this model, the unobserved A; is shared by all subjects in cluster i, and e“i is usually called
frailty for cluster <. Conditional on A;, failure time 7;; and censoring time C}; are assumed to be
independent. However, note that A; affects not only failure, but also censoring risks. The effect
of A; on censoring risk is assumed to have a simple format e, Then, unconditional on A;,
the two event times T;j; and Cj; are correlated when v # 0. When v = 0, they are independent.
Moreover, in the case of v = 0, censoring times within a cluster Cy;,7 = 1, -+, n;, are no longer
correlated, even though failure times within a cluster T;;, 7 = 1, --- , n;, are still correlated with

each other. That is to say, this model assumes that, when censoring is uncorrelated with failure,



it is caused by some random mechanism.

Under this model, we have the following theorem.
THEOREM 2. E(RE,T)RZ(,C)) = 0 under the null hypothesis Hy: v =0 in (9).

Proof. See Appendix B.

Under the above model, to test the independence between 7" and C', we can test Hy : v = 0.
One approach to do the test is to fit the model, get parameter estimate for v and its standard
error, then do a Wald test. However, it is relatively complicated to fit the above model (Huang
and Wolfe (2002) provided an approach). As mentioned in the introduction section, our goal is
to develop a simple test for independent censoring, so that we can apply the test before fitting

complicated models for dependent censoring.

The above model describes a particular type of dependent censoring. We will present more
models in the simulations section, and show that the proposed test can be applied to more

general settings.

3. Simulation Study

The performance of the test by the statistic ¢, in (7) is assessed under different situations.
Data are generated first by the univariate log-frailty model in (9), then a bi-variate log-normal
frailty model and a positive stable frailty model, both of which are to be presented later in
this section. For the univariate frailty model, we report the results for cases with and without
covariates, combined with different settings of censoring proportions. The results are similar
under different settings. Therefore, for other models, to save space, only the results for the case

with covariates and a fixed censoring proportion are reported.
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3.1 A Univariate Log-normal Frailty Model without Covariates

The model in (9) is used to generate data. Since the distributions of 7" and C' are skewed,
the Pearson correlation between log(7T") and log(C') (denoted by r) is a better index than that
between T and C' (Lindeboom and Van Den Berg, 1994). Thus we use r to measure the degree
of dependence between 7" and C'. By choosing ¢ = 0.5 and 1.0, combining 7 = £1, we get
approximately r = £0.14 and +0.37. When v = 0, we have r = 0. In this case, we use o = 0.5.
We also generate an administrative censoring time () for each subject by a uniform distribution
on (0, a), independent of both 7" and C'. Various censoring rates are achieved by appropriately
choosing a, hy and h,. The observed survival data are then the minimum of 7', C, and @, and
an indicator showing which one is observed. In this setting, both independent and dependent
censoring are present. We use ¢, in (7) to do detect the dependence between 7" and C. The

results are summarized in the top half of Table 1.
[Table 1 about here.]

Simulation results suggest that the test is valid, even with moderate sample sizes. When H|
is true, the probability that it is rejected is close to the nominal 5% level. When Hj is not true,
the power to reject Hy is satisfactory. The stronger the dependence between 7" and C', the more
power to detect the dependence. Given cluster size, increasing number of clusters gives more
power. Given number of clusters, larger cluster sizes also result in greater power. Higher censor-

ing rates within a reasonable range help detecting the correlation between failure and censoring.

3.2 A Unwwariate Log-normal Frailty Model with Covariates

To illustrate, we include two covariates in the models. Suppose each subject has probability
0.5 to receive a treatment (TR=1) and probability 0.5 to be a control (TR=0). Subject age

after being centered has an uniform(—10, 10) distribution. All subjects are independent to each

11



other with regard to covariate distributions. Specifically, the model is

A~ N(0,0%),iid,i=1,-,m,

i
he (u|AGE;;, TRij, A)) = hs exp(0.2AGE;; + 12T R;; + 7 A;).

ijy L g,
We use the same combinations of ¢ and 7 as in §3.1. In this case, the correlation coefficient r
between log(7") and log(C) is understood as conditional on covariates. Again the test specified
in (7) is applied and the results are summarized in the bottom half of Table 1. The test per-
forms also well in the cases when covariates are present. The results have the same patterns as

in the case of no covariates.

3.3 A Bivariate Log-normal Frailty Model

By this model, we allow censoring times within a cluster to be correlated even in the case

T and C' are independent. Here we use the same covariate setting as in §3.2. The model is

. 2
Y (0% e
B; 0 POa0b Oy 11
h (u|AGE;, TRij, Ai, B)) = hyuexp(0.05 AGE; — 1L.OTR;; + A;) "

ij
he (ulAGEy, TRij, Ai, Bi) = hy exp(0.06 AGE;; + 0.8 TR;; + B;)

specified below.

YR R
We choose 0, = 0, = 0.9, and let p = 0, £0.4, £0.8. That result in r = 0, +0.13, +26 (the cor-

relation between log(7") and log(C') ). The testing results are reported in the top half of Table 2.

[Table 2 about here.]

We used conditional proportional hazard models as above to generate data, and use the
marginal proportional model in (3) to estimate cumulative marginal hazard functions. How-
ever, when the frailty distribution is (univariate or bivariate) log-normal, the marginal model

is not a proportional hazard model. The Model in (3) is mis-specified. We may view the

12



mis-specified model as an approximate for the true models. In practice, proportional hazard
models like the one in (3) are often chosen to do the parameter estimation, even if they are
very likely to be mis-specified. It is desirable to evaluate the performance of the proposed test
in such a situation. However, we still would like to use a correct marginal model to estimate
hazard functions, and evaluate the performance of the proposed testing method in such an ideal

situation.

3.4 A Positive Stable Frailty Model

Both conditional and marginal models can be proportional hazard models when the distri-
bution of frailty is positive stable (Houggard, 1986). A generic random variable X is said to
have a positive stable distribution with parameter 6 € (0, 1), denoted by PS(#), if its Laplace
transform is E{exp(—sX)} = exp(—s’),5 > 0. Suppose 0 < f; < f3 <1 and 0 < 0y < 03 < 1.

The following model is modified from a multivariate distribution proposed by Joe (1993).

;

U ~ PS(%
3
Vi ~ PS(%
Wi ~ PS(6s) (12)
03
n w2 20 U Ve W) = B @) U esp(€®Z7), =1,
Z3
\ hgf)(u|ZZ(]T),Z§]C),Ui,V;,VVZ-) = hg)C)(U)V;'VViGQ eXp(g(C)Zz'(J'C))’ J=1--n

In this model, the unobserved frailties U;, V; and W; are shared by all subjects in cluster .
These three frailty variables are assumed to be independent each other. Conditional on these
three frailty variables, Tj;,j = 1,---,n; are assumed to be independent each other, so are
Cij,j =1,--- ,n;; moreover, Tj; and Cy;, are assumed to be independent for any 1 < j, k < n;.
However, note that W; affects not only failure, but also censoring risks. Therefore, uncondi-
tional on W;, the two event times T;; and Cj; are correlated when 65 < 1. When 65 — 1, Tj;
and Cj; becomes independent. When 65 gets close to zero, the correlation between T;; and Cj;
increases. We choose #5 = 1.0, 0.8, 0.6, and 0.4, which result in » = 0, 0.34, 0.62 and 0.83.

This model can produce positive correlation only. In a similar fashion, z—; and z—i control the

13



within-cluster correlation between failure times and and that between censoring times respec-

tively. We let, 91 = 92 = 0893

By some computation, it is easy to see that the marginal cumulative hazard functions given
by the above model are follows.

(13)

AD(u]z®, ) = {H" (u)}* exp(6,6D 2D)
AO@| 2D, 7€) = {H{" (u)}? exp(626 I 2(©)) .

Here HéT)(u) = [ h,gT)(v) dv, and similarly for H(EC) (u). By using positive stable frailty dis-
tribution, both conditional and marginal hazards have nice closed forms. That enables us to
use the correct model to estimate the cumulative marginal hazard functions. We check the

performance of the proposed test in the setting of this model. The results are reported in the

bottom half of Table 2.

3.5 Summary of Simulation Results
When the correlation between log(T") and log(C') is equal to zero, the rejecting rates are al-
most always less than the nominal level 5%. While this shows the test is valid, it also shows that

the test is conservative. This is due to the fact by Theorem 1, which says that the randomness of

Dim1 21 joT)REjC) is reduced to zero when it is estimated by » 3i" | >, REJT)]%Z(]C) To under-
stand why, image an extreme situation where subjects in each cluster are perfectly correlated,
that is, they have the same failure and censoring times. Recall that in order to avoid the prob-
lem caused by the fact in Theorem 1, we decompose I?ET)REC) into U; = Z?Zl P Y I?EJT)REIS)
and V; = Z?:1 REJT)]%Z(JC), and use U;’s only to do the test. However, in the above situation of
perfect within-cluster correlation, the sum of U;’s will also be zero. The randomness of both the
sum of U;’s and the sum of V;’s is lost completely. When the within-cluster correlation is not

that high, the sum of U;’s is not zero, but the randomness is still reduced due to the estimation

of hazard functions. That results in conservative testing results. Nevertheless, we can see that,
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under a reasonable range of within-cluster correlation, we can apply the proposed method to
test the assumption of independent censoring. As shown by simulation studies, the degree of

being conservative is tolerable, and the power of the proposed test is still satisfactory.

If we do not consider the fact by theorem 1 and use ¢, in (2) to do the tests, the results
will be much more conservative than that by (7), and the loss of power will be more severe,
especially when cluster sizes are small. If we use the test by #; in (1), which uses normality
assumption to estimate variances, the results will be a little more conservative than that using

t2, which uses a robust variance estimator. The simulation results for ¢; and t, are not shown.

4. Example: Mortality at Kidney Dialysis Centers

In this section, we apply the test to a data set for kidney disease patients. End Stage Renal
Disease is a chronic condition of total and irreversible kidney failure. Dialysis is the treatment
for the patients before they receive kidney transplantation. Data were collected by the Dial-
ysis Outcomes and Practice Patterns Study (DOPPS) during 1996 to 1999 in seven countries
(Young et al., 2000). Here we use only the subset of the data for the United States. It contains
10,290 patients from 152 randomly sampled dialysis facilities. The number of patients in a
facility ranged from 21 to 124. During the study, 3,188 (31%) patients died, 424 patients (4%)
withdrew from the study (e.g., transfered to a dialysis facility not in our sample), the other
6,678 patients were alive and remaining in the study (some of them received kidney trans-
plantation). It is suspected that the most common reason for withdrawal is worsened health
status. Thus withdrawal is likely to be correlated with failure. We assume here that receiving

transplantation and the end of the study are independent censoring.

Facility level mortality rates range from 0% to 48%. Withdrawal rates range from 0% to

20%. They are positively correlated (Pearson correlation coefficient = 0.25). This gives some

15



evidence that withdrawal and failure are correlated. However, this raw correlation coefficient
ignores the lengths of survival times and is not adjusted by covariates. The method developed
in section 2 is used to take these factors into account. Marginal proportional hazard models
as in (3) are fitted. Four important patient level covariates in kidney studies (Wolfe, 1994) are
included in each model. They are age (in years), race (black=1, other=0), gender (male=1, fe-
male=0), and diabetes (diabetes=1, no diabetes=0). In this example, patients are clustered by
facilities. The survival outcomes of the patients in the same facility should have some similar-
ities since they shared the same service. The facility level residual correlation between failure
and withdrawal is 0.20 (with 95% confidence interval = (0.04, 0.36)). Using (7), t, = 2.63.
Using (8), t, = 1.71. The results are not quite consistent. However, all suggest evidences that
withdrawal is positively correlated with failure, after being adjusted by covariates. If we naively

assume withdrawal as independent censoring, the inference is very likely to be biased.

5. Discussion
One of the advantages of the test developed in this article is that it is very easy to implement
by standard software such as SAS. There is no complicated programming involved. The other

advantage of this test is that the data it uses are very common in real practice.

Essentially we used the similarity between subjects in the same cluster to do the test.
There are situations where subjects in the same cluster compete for resources (for example,
litter mates), and within-cluster correlation is negative. Our test cannot be applied in such a
situation. The test can be applied when a shared frailty model is appropriate and clustering
effect is significant. If this is in question, the tests provided by Commenges and Andersen

(1995), Gray (1995), and Andersen et al. (1999) can be used.

When some covariates affect failure time, but are not included in the regression model, then

16



censoring is dependent (Kalbfleisch and Prentice, 1980). If these covariates are correlated with
clustering, then their effects can be modeled by frailty models as in the simulation section. The
proposed test can be used to detect this type of dependent censoring. When these excluded
covariates are independent of clustering, the proposed test have no power to detect the depen-

dence between failure and censoring. This is a case of no significant clustering effect.

There are some technical points worthing mentioning. First, we use independence between
failure and censoring as independent censoring, even though formally speaking the latter is
somewhat weaker. This is unlikely to make any difference in real practice. Second, we use the
name martingale residual in this article. However, due to the within cluster correlation, the
martingale residuals may or may not be martingales, depending on the respecting filtration.
Third, for convenience, we considered continuous failure time distributions only in this article,

but the test shall be applicable when the distribution is discrete.

If the test shows correlation between failure and censoring, then the next problem is how
to adjust it and get unbiased parameter estimates. To solve this problem, Huang and Wolfe
(2002) proposed a frailty model for informative censoring, which is the model specified by (9)

in this article. They also provided a method to fit the model.
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APPENDIX A

Proof for Theorem 1

Proof. There are N subjects in the study. We replace the double subscript (i,7) in the text
by a single subscript ¢, with ¢ running from 1 to N. Suppose that the observed survival times
X;, 2 =1,--- N, have been sorted in ascending order. We need to show vazl RET)REC) = 0.
Define notation Y;(t) = 1(X; > t), Y(t) = 3., Yi(t), a A b = min(a, b), and a V b = max(a, b).
Then,

N
> ADE)AO(X)
i=1

_ zN: AET) 3 A
i=1 \j<i Y(XJ) k<i Y(Xk)

N j N j A
|k = Tk i Bk :
Sy Z Z Y (X0 + E E V(X (last term is zero)




The above cancels the first two terms in (A.1). Consequently, S~ I?ET)REC) = 0.

APPENDIX B

Proof for Theorem 2

Proof. Note that RE.T)RZ(.C ) = - > joT)RZ(jC) + 2 > itk REJ-T)RE,S). We will show these two
terms have expectation zero respectively.
1). Show E(R’R\) = 0.

Define two counting processes

N (w) = I(X;; <u, Ang) =1),

N = I(X; <u, Agj@ =1).

By the assumption that the distributions of 7" and C' are continuous, the above two counting

processes have no common jumps. Therefore, they form a bi-variate counting process. Further

define

MP @) = NP ()= A (A Xy), (B.2)

L L

M) = N (u) = A (wn Xy) . (B.3)

LJ L

Then, under the assumption that 7;; and Cj; are independent, both Ml(JT)() and Ml(]C)() are
martingales with respect to the filtration F;; = {Fi;.,0 < u < oo}, where F;;,, is the o-field

generated by the information up to time u from the (4, 7)" subject, i.e.,

Ej,u = U{Ni(]T) (U)a N'('C)(U)7 0 <vs ’LL}

ij

Then by the Theorem 2.5.2 of Fleming and Harrington (1991), the process

(M ()M (u),0 < u < o0}

L
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is also a martingale with respect to F;; and E{Mi(jT) (u)Mi(jC) (u)} =0 for any 0 < u < oo.

Therefore, we have that
T) p(C T c
B(RG'RY) = B{M{ (X)) M (X))}
. c
= lim E{M (u A Xi) M (u A Xi5)}

= lim E{M" (u)M (u)}

1,
U—00 J

= 0.

The last but one equality is gotten by noticing that Mi(jT)(u A X)) = MZ-(JT) (u) and MZ-(J-C) (u A
Xij) = M (u).

L

2). Show E(R(T)Rg,f)) =0, for any j # k.

ij

In this part of the proof, we use the assumption that Cj; is independent of Cj.

[(Cik S Tzk) - Az('lf) (le A CZk)}] |TZk>

[ {
{[(Tz‘j < Cy) — A (T3 N Cm)szk} E {I(Oik < Ti) — AEE)(T%k A Czk)mk}]
{ J

This concludes the proof.
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Table 1
Size and power (in %) of 5% level tests using t, in (7), Data Generated by Univariate
Log-Normal Frailty Model in (10)

Censoring | Overall | Number | Cluster Rates of Rejecting Hy
sample of under different degree of
rate size clusters size dependence between T and C'
N m n  |r=0]r=-014]r=014[r=-037 | r=0.37
When there are not covariates
200 100 2 4.5 29.2 28.9 54.5 67.4
30% 200 40 5 4.6 54.5 48.8 83.6 90.6
consored 200 20 10 4.4 55.6 49.2 83.8 84.1
by C 400 200 2 5.0 50.0 51.5 81.5 93.5
400 80 5 4.3 82.9 83.3 97.9 99.9
400 40 10 3.9 88.4 85.9 99.3 99.7
200 100 2 4.8 15.7 15.5 34.6 40.3
15% 200 40 5 5.3 35.0 33.2 65.6 77.2
consored 200 20 10 4.6 41.0 35.8 69.3 79.4
by C 400 200 2 5.0 29.0 32.3 62.1 74.9
400 80 5 4.5 61.9 62.5 94.1 97.5
400 40 10 5.0 70.3 74.4 97.6 99.2
When there are covariates
200 100 2 4.1 28.5 24.4 60.6 60.1
30% 200 40 5 4.2 55.1 45.7 87.9 85.7
consored 200 20 10 4.6 55.0 45.1 88.6 80.7
by C 400 200 2 5.0 54.4 45.3 90.7 91.3
400 80 5 4.5 86.9 75.5 99.3 99.8
400 40 10 4.3 86.9 81.4 99.5 98.6
200 100 2 4.2 14.8 15.1 38.3 44.9
15% 200 40 5 4.7 36.1 31.9 73.2 75.7
consored 200 20 10 4.6 40.6 35.5 75.0 77.2
by C 400 200 2 4.9 30.8 29.6 69.5 74.2
400 80 5 5.2 64.0 57.5 96.1 97.0
400 40 10 4.5 71.4 71.2 97.6 98.6

Note: r is the Pearson correlation coefficient between log(7T") and log(C). 10,000 replicates for size.
1,000 replicates for power.

There are two censoring settings. One has approximately 50% of failure times T observed, 30%
censored by C' (drop-out time, may be correlated with 7"), the rest 20% censored by @ (administrative
censoring time, independent of 7' and C). This setting is labeled as “30% censored by C” in the
first column. The other setting has 35% failure times T' observed, 15% censored by C, the rest 50%
censored by A. This setting is labeled as “15% censored by C”.
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Table 2
Size and power (in %) of 5% level tests using t, in (7)

Overall | Number | Cluster Rates of Rejecting Hy

sample of under different degree of
size clusters size dependence between T and C'

Data Generated by Bivariate Log-Normal Frailty Model in (11)
N m n r=0|r=-013|r=0.13 | r=-0.26 | »=10.26
200 100 2 4.3 8.3 13.0 26.2 34.2
200 40 ) 3.3 13.2 14.2 44.5 51.4
200 20 10 3.0 9.1 11.2 39.5 43.6
400 200 2 3.9 13.0 15.7 50.3 56.8
400 80 5 3.3 22.8 26.2 78.5 82.5
400 40 10 2.8 15.7 20.2 73.7 80.9
Data Generated by Positive Stable Frailty Model in (12)

N m n r=0| r=034 |r=0.62| r=0.83
200 100 2 44 12.6 50.1 89.7
200 40 5 3.6 18.9 62.6 92.5
200 20 10 3.1 15.1 43.3 70.3
400 200 2 4.6 29.2 88.3 99.8
400 80 5 3.5 51.3 95.6 100.0
400 40 10 2.7 38.8 85.7 98.7

Note: r is the Pearson correlation coefficient between log(7") and log(C). 10,000 replicates for size.
1,000 replicates for power.

For top half table, 60% failure times T observed, 20% censored by C (drop-out time, may be
correlated with T'), the rest 10% censored by @ (administrative censoring time, independent of both

T and C).

For bottom half table, 35% failure times T observed, 40% censored by C, the rest 25% censored by Q.
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