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Abstract

We consider dependent non-parametric models for related random probability distributions.
For example, the random distributions might be indexed by a categorical covariate indicat-
ing the treatment levels in a clinical trial, and might represent random effects distributions
under the respective treatment combination. We propose a model that describes dependence
across random distributions in an ANOVA type fashion. We define a probability model in
such a way that marginally each random measure follows a Dirichlet process (DP) and use
the dependent Dirichlet process (MacEachern, 2002) to define the desired dependence across
the related random measures. The resulting probability model can alternatively be described
as a mixture of ANOVA models, with a DP prior on the unknown mixing measure. The
main features of the proposed approach are ease of interpretation and computational sim-
plicity. Since the model structure follows standard ANOVA structure, interpretation and
inference parallels conventions for ANOVA models. This includes the notion of main effects,
interactions, contrasts, etc. Of course, the analogies are limited to structure and interpreta-
tion. The actual objects of the inference are random distributions instead of the unknown
normal means in standard ANOVA models. Besides interpretation and model structure,
another important feature of the proposed approach is ease of posterior simulation. Since
the model can be rewritten as a DP mixture of ANOVA models it inherits all computational
advantages of standard DP mixture models. This includes availability of efficient Gibbs sam-
pling schemes for posterior simulation and ease of implementation of even high dimensional
applications. Complexity of implementing posterior simulation is — at least conceptually —
dimension independent.
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1 Introduction

We consider dependent non-parametric models for related random probability distributions
or functions. We propose a model which describes dependence across random distributions
in an ANOVA type fashion. Specifically, assume that random distributions F are indexed
by a p-dimensional vector © = (x1,...,2,) of categorical covariates. For example, in a
clinical trial F}, ,, could be the random effects distribution for patients treated at levels
x; and x5 of two drugs. We define a non-parametric probability model for F, in such a
way that marginally, for each x, the random measure F), follows a Dirichlet Process (DP),
DP(M, F?), with total mass parameter M and base measure F? (Ferguson, 1973). But
we introduce dependence across z, i.e, dependence for (F,, © € X), using the dependent
Dirichlet process (DDP) as defined by MacEachern (2002). The random measures F, are
almost surely discrete with the point masses generated marginally from the base measure F?.
MacEachern (2002) introduces dependence across random measures generated marginally by
a DP by imposing dependence in the distribution of these point masses. We use the DDP
to define ANOVA type dependence across related random measures by assuming ANOVA
models for these point masses. The resulting probability model defines an overall average
effect and offsets for each level of the categorical covariates. If desired this can be generalized
to include interaction effects. We propose a Markov chain Monte Carlo scheme to implement
full posterior inference in the proposed model.

Our model is based on DP prior distribution (Ferguson, 1973; Antoniak, 1974). The
DP is a probability model on the set of probability distributions. It plays a central role in
nonparametric Bayesian inference and it has been successfully applied in many problems.
One of the critical properties is the a.s. discreteness of a random measure F' ~ DP(M, Fy).
Letting d(x) denote a point mass at « we can write ' = >°;7 Jwy, 6(0). Here wy, are the
weights of point masses at locations . Sethuraman (1994) gives a constructive definition
of the DP. The weights are generated from rescaled Beta distributions, wj,/ Hf;ll(l —w;) ~
Be(1, M), and the locations ) are i.i.d. samples from the base measure Fy. Another property
that will feature importantly in the following discussion is the Poly Urn representation for
the marginal distribution of a sample from a random DP distribution. Assume y; ~ F,1 =
1,...,n, is sampled from an unknown distribution F' which, in turn, is generated by a DP,
F ~ DP(M, Fy). The marginal distribution of y = (y1,...,y,) is described by the following
Polya Urn scheme (Blackwell and MacQueen, 1973): y; ~ Fy and

d(y:) with probability 1/(M 4+ m — 1)

1
F with probability M/(M +m — 1). (1)

P Y |y1s - Ymo1) = {

The m-th sample point is either a tie with a previous sample y;, or it is a new draw from
the base measure. The positive probability of ties in (1) is due to the discrete nature of the
random distribution F' ~ DP(M, Fy). In many data analysis applications this discreteness
is inappropriate. DP mixture models (MDP) avoid this discreteness by adding an additional
convolution with a continuous kernel. The typical MDP model assumes

1ed

v 2 G with G(y) = / F(ylu) dF (), F ~ DP(M, Fy), 2)
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i.e., a mixture with a DP prior on the random mixing measure F. Many applications
use a normal kernel f(y|p) = N(u,S) with a common covariance matrix 9, leading to a
discrete mixture of normal model G(y) = > ;— wpN(pp,S). One of the main attractions
of MDP models like (2) is computational simplicity. Also, posterior simulation algorithms
are dimension independent. See, for example, Escobar and West (1998) or MacEachern and
Miiller (2000) for a review of models based on (2).

Several papers have considered extension of DP and MDP models to hierarchical models
over related random distributions. In the context of parametric models, i.e., models with
finite dimensional parameter vector, such hierarchies with submodels for related experiments
are standard modeling tools. In non-parametric models such extensions are complicated by
the infinite dimensional nature of the random distribution. Some of the first developments
of dependent DP (and DP mixture) models appear in Cifarelli (1979), Cifarelli, Muliere and
Scarsini (1981) and Muliere and Scarsini (1983). Muliere and Petrone (1993), define depen-
dent non-parametric models F, ~ DP(M, F) by assuming a regression in the base measure
F° = N(Bx,0%). A similar strategy of linking dependent random DP measures F, at the
level of the base measure is used in Tomlinson and Escobar (1999). They achieve increased
flexibility by assuming a MDP hyperprior on the common base measure. Gelfand and Kottas
(2001b) define dependent non-parametric models by considering a representation of random
measures as products of DP distributed factors. This allows them to enforce stochastic or-
dering. A similar approach, but using additive decomposition and without the stochastic
order constraint, is used in Miiller et al. (1999). Tomlinson and Escobar (1999), Gelfand
and Kottas (2001b) and Miiller et al. (1999) are appropriate to model dependence across
several related random measures. They are not naturally extended to include regression on
covariates.

MacEachern (2002) defines the dependent DP (DDP) to allow a regression on a covari-
ate . Consider a family of random measures F = (F,, * € X) indexed by a covariate
x. MacEachern (2002) defines a probabilty model for F such that marginally, for each z,
Fr =5 w, 6(0,) follows a DP. We use an additional subindex « for the point masses 6, to
indicate the point masses in the random measure F,.. In the basic DDP model the weights
wy, are common to all F,. The DDP model induces dependence across = by assuming that
0, = (0pn, v € X) are i.i.d. realizations of a stochastic process p(6;). Independence across
h, together with the stick breaking prior for the weights wy, guarantees that F, marginally
follows a DP. Dependence in the sample path of the stochastic process 6, introduces the
desired dependence across . We use this DDP structure to develop an ANOVA like proba-
bility model over an array of random distributions. The DDP model provides a convenient
starting point for the discussion. But the proposed model is more general. It can be rewrit-
ten as a DP mixture model. With minimal changes in the computational algorithms the
DP can be replaced by any non-parametric model which allows a constructive definition by
a stick breaking algorithm as in Sethuraman (1994). See, for example, Green and Richard-
son (1998), Ishwaran and James (2001), or Neal (2000) for discussions of such probability
distributions.

In section 2 we develop the basic model as a dependent DP model. In section 3.1 we
rewrite the model as a DP mixture of ANOVA models. Building on this representation we
discuss computational implementation issues. Section 3.3 discusses the use of the ANOVA



DDP model to define random effects distributions in hierarchical models. Section 4 illustrates
the proposed models with two examples. We use a simulated data set and longitudinal data
with non-parametric random effects distributions. Section 5 concludes with a final discussion.

2 The ANOVA DDP

Assume F = {F,, + € X} is an array of random distributions, indexed by a categorical
covariate x. For simplicity of explanation, assume for the moment that © = (v, w) is bivariate
with v € {1,...,V} and w € {1,...,W}. The covariates (v,w) could be, for example, the
levels of two treatments in a clinical trial, and the distributions F, might be sampling
distributions for recorded measurements on each patient or random effects distribution. In
the latter case, an additional layer in the model hierarchy defines a sampling distribution for
the observed outcomes conditional on the random effects.

In this context we wish to develop a probability model for the random distributions £,
which allows to build an ANOVA type dependence structure. For example, we want random
distributions F, and F,s for @ = (vy,wy) and ' = (v, wy) to share a common main effect due
to the common factor v;. The model should allow to incorporate prior information about
the presence of interactions, i.e., whether the effect of v = v; should be allowed to depend on
the level of the other covariate w, etc. The model needs to give a formal definition to notions
like “main effect”, “interaction”, etc. In short, the desired process should allow to transfer
interpretation and structure used for unknown normal means in a traditional ANOVA model
to unknown random functions.

We achieve this by using the DDP framework. Specifically, let F, = > wpd(0,;) for
r = (v,w). We assume Sethuraman’s (1994) stick breaking prior for the common weights,
wy,/ H?;ll(l — w;) ~ Be(l,M). On the locations 6., we impose an additional structure,
writing

O, = mp + Ay, + Bun (3)

with my, u po(my), A u P (Aur), and By, u Phw(Buwr), with independence being

across h, v and w. We refer to the joint probability model on F as (F,, = € X) ~
ANOVA DDP(M,p°). The model is parametrized by the total mass parameter M and
the base measure p° on the ANOVA effects in (3). As in standard ANOVA models we
need to introduce an identifiability constraint for interpretability. We may impose any of
the standard constraints, for example, A; = B; = 0. Marginally, for each @ = (v,w),
the random distribution [, follows a DP with mass M and base measure [I? given by the
convolution of p? , p%, and p%,. Model (3) defines dependence across = by defining the
covariance structure of the point masses 0, across x. As in standard ANOVA the structural
relationships are defined by the additive structure (3) and the level of the dependence is
determined by the variances in p,,, ps, and pg,. For example, consider two treatment
combinations # = (v, 1) and 2’ = (v, 2) and random samples y ~ F, and y’ ~ F,.. Assuming
normal priors p,, = N(tm,02), pav = N(ptaw,c3), and pp, = N(ppw,c3) we find the
marginal correlation of the two samples as corr(y,y’) = (02 +0%)/(c2 + 0% +03). Including
hyperpriors on o,,,04 and op allows inference about the level of dependence, subject to the
defined structure. Treating the locations p,,, 4, and pp, as unknown hyperparameters



allows inference on the overall location of F, independent of inference on the dependence
across Fl,.

Model (3) is not constrained to univariate distributions F,. The point masses 6, and the
ANOVA effects my, A,p, Byn can be g—dimensional vectors. This is important, for example,
if the random distributions £}, are used as random effects models in an hierarchical model.
In the example discussed in Section 4.2 we use 7-dimensional random effects vectors. It is a
critical advantage of the ANOVA DDP model that model specification and computation are
dimension independent.

Another important generalization of model (3) is to more complex ANOVA structure.
The model is easily generalized to a p—dimensional categorical covariate @ = (xy,...,x,):

P
Ohe = my + Z Ai(xy),
=1

where A;(x;) is the main effect due to treatment x;. Further extensions to include interactions
Ay;, ete., are equally straightforward.

Like standard Bayesian ANOVA, the model allows us to incorporate differential prior
information for the various levels of the covariate. This is accomplished through choice of
different prior distributions p%, for the different levels of v. In the context where v indicates a
control or one of a number of exchangeable treatments, we might take p%, to be degenerate
at 0 for the control and to be an identical distribution with a larger spread for each of
the treatments. As an analog of a linear contrast in standard ANOVA, we might take the
distributions p%, to have non-zero means falling along a line; including further structure
on the means of these distributions lets us expand our models in a fashion similar to the
classical expansion through orthogonal polynomials, though the realizations will not exactly
follow the possibly lower dimensional model.

One can also place constraints on the estimated effects. Enforcing a dependence above
that forces the A, to lie on a line (to do so, we need to violate the condition of independence
of A, across levels of v) produces a lower-dimensional component in the model. Alterna-
tively, a constraint such as monotonicity of the effect A,, in v can be enforced. Such a
constraint ensures that the random distributions F, are stochastically ordered with respect
to v. This type of constraint is meaningful, for example, if v is the toxicity level of an anti
cancer agent in a chemotherapy treatment.

3 Mixture of ANOVA Models

3.1 A DP Mixture of ANOVA Models

Most applications of DP models in data analysis add an additional layer in the model to
convolute the discrete measure generated from a DP with a continuous, typically normal,
kernel. Such models are known as DP mixture (MDP) models. See, for example, MacEach-
ern and Miiller (2000) for related references. For the same reasons we propose to add an

additional normal mixture to the ANOVA DDP model. This leads to models of the form
(yile; = x) ~ /N(y|/,c, SYdF(p), (Fpyx € X)~ANOVA DDP(M,p°), (4)
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with appropriate hyperpriors for the common normal variance S and the ANOVA DDP
parameters.

Implementation of posterior inference in the ANOVA DDP model (4) is easiest developed
on the basis of an equivalent reformulation of the model as a mixture of ANOVA models.
Denote with oy, = (mp, A1py. .., Avh, Bin, ..., Bws) the parameter vector in the ANOVA
model (3) for the A-th point mass in the random measures. Let d; denote a design vector to
select the appropriate ANOVA effects corresponding to z;, i.e., 0, = ), d; for x; = x. Using
this notation, model (4) with base measure (p2,, p%,, Ph.) can be rewritten as:

(yile; = x) ~ /N(y|ozdi,5) dF(a), F~ DP(M,p°). (5)

In words, data y; is sampled from a mixture of ANOVA models, with a DP prior on the
unknown mixing measure. As usual in mixture models posterior simulation is based on
breaking the mixture in (5) by introducing latent variables a;,

yi=o;d; + ¢, a;~Fand F~ DP(M,p°), (6)

with € ~ N(0,5). It follows from this equivalence that any Markov chain Monte Carlo
(MCMC) scheme for DP mixture models can be used for posterior simulation in DDP
ANOVA models of the type (4). Using normal priors for the base measure p°, and an
additional normal kernel as in (4) leads to a straightforward Gibbs sampling scheme. The
conjugate nature of the base measure p° and the kernel in the error distribution p(¢;) in (6)
greatly simplify posterior simulation. See, for example, 7?7 for details. A brief summary is
given in the appendix.

3.2 Other Mixture of ANOVA Models
Rewriting the ANOVA DDP as (6) highlights the generality of the underlying model struc-

ture. The use of a DP prior for the discrete mixing measure is motivated by technical
convenience, and because the parsimonious parametrization of the DP avoids difficult prior
elicitation problems. On the other hand, the fact that the DP is parametrized by a base
measure and one scalar precision parameter M only could sometimes be a limitation. Green
and Richardson (1998) and Neal (2000) argue for the use of more general mixture models
and show appropriate posterior simulation schemes. Tardella and Muliere (1998), Gelfand
and Kottas (2001a) and Ishwaran and James (2001) discuss finite truncations of DP pri-
ors. Ishwaran and James (2001) propose alternative non-parametric priors based on similar
stick-breaking representations. Any of these non-parametric priors can be substituted in (6)
without changing the model structure, and requiring only minimal changes in the posterior
simulation schemes.

3.3 Hierarchical Models

Consider a generic hierarchical model of the form
yi ~ plyilbs), Oilve = ~ Ha(0]9). (7)
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In words, data y; for the i-th sampling unit, e.g., a patient, is sampled from a probability
model parametrized by a random effects vector ;. For example, this could take the form of
a non-linear regression

yij = f(tij; 0:) + € (8)
with a mean function f(-;0) parametrized by 6; and evaluated at known times ¢;;, j =
1,...,n;. The 8; are generated from a random effects distribution H,. The random effects

distribution depends on a covariate specific to the sampling unit and possibly additional
hyperparameters ¢.

If the covariates are, for example, treatment indicators for the i-th patient, then ANOVA
DDP models as in (4) are appropriate prior probability models for (H,,x € X). The random
effects vector ; takes the place of y;, and H, = [ N(+|u, S) dF,(p). In general, the ANOVA
DDP model can be used whenever the random effects distributions H, are indexed by some
categorical covariates z; specific to the i-th unit with a notion of ANOVA type dependence
across the random distributions. Section 4.2 discusses a typical example. Posterior inference
is implemented as in (4), with an additional step to update the random effects vectors ;
which now replace the data y; in the ANOVA DDP model. The details of this step are
problem specific. For example, if p(y;|6;) is a non-linear regression as in (8) then updating
0; amounts to a posterior draw from the parameters in a non-linear regression with data y;;,
Jj =1,...,n; and prior 0, ~ N(a;d;,S). Here q; is a latent variable introduced to break
the mixture model in (5). The latent variable a; is imputed in the course of updating the

ANOVA DDP model. See, for example, MacEachern and Miiller (1998) for details.

4 Examples

4.1 Simulation Example

Consider a two way ANOVA model with two factors v and w. Assume the number of levels
are V. =3 and W = 2 for v and w, respectively. Let oo = (m, Ay, Az, By, Ba, B3) denote
overall mean and main effects for v = 1,2,3 and w = 1,2, respectively. We simulated 100
observations with randomly selected designs and generating «; ~ 0.56(5,0,3,5,0,—4) +
0.56(—9,0,—3,—5,0,4), i.e., we generate from model (5) with a two point discrete mixing
measure F'(«). Define da2 = (0,1,0,...,0) as the design vector which selects the effect Ay
and let Flas(-) = F(o' daz) denote the unknown mixing distribution of Asp, and analogous
definitions for other ANOVA effects. Figure 1 shows the posterior estimated distributions
E(Fa3ly) and E(Fps|y). Compare the (correctly) bimodal posterior estimated distribution
with a standard ANOVA estimate of AQ = 0.59 and BQ = 0.42, using maximum likelihood

estimation and the same identifiability constraints A; = By = 0.

4.2 Hierarchical Models

Miiller and Rosner (1997) describe a hematologic study. The data records white blood
cell counts over time for each of n chemotherapy patients. Denote with y;; the measured
response on day t for patient ¢. The profiles of white blood cell counts over time look
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Figure 1: Posterior estimated distributions of ANOVA effects p(Vap|data) and p(Wap|data).

similar for most patients. Figure 2 shows some typical patients. There is an initial base
line, followed by a sudden decline when chemotherapy starts, and a slow, S-shaped recovery
back to approximately base line after end of the treatment. Profiles can be reasonably
well approximated with a piecewise linear-linear-logistic regression, using a 7-dimensional
parameter vector § (Miiller and Rosner, 1997). But the nonlinear regression parameters differ
significantly across patients. Thus we introduce a patient specific random effects vector 8;.
Conditional on #; we assume a nonlinear regression using the piecewise linear-linear-logistic
regression model.

yir = Jo, (1) + €ir. (9)
The model is completed with a random effects model H,. The random effects distribution
H, depends on the treatment levels (v;, w;). There are two treatments, the actual anti-cancer
agent cyclophosphamide (CTX), and a second drug (GM-CSF) which is given to mitigate
some adverse side effects of the chemotherapy. We impose an ANOVA structure on H,
with rows and columns in the two-way ANOVA indicating level of CTX and GM-CSF. Let

x; = (v;, w;) denote the treatment for patient 7. We assume
Oile; = ~ H.(0), (Hy € X)~ ANOVA DDP(M,p°) (10)

Posterior predictive inference for future patients depends on the observed historical data
only indirectly through learning about the random effects distribution (10). Conditional
on the random effects distributions H,, observed and future data are independent. Thus a
structured, flexible hyperprior for H, is critical to effect the desired learning.

Figure 3 summarizes some critical aspects of the analysis. In this example, the random
effects distributions H,(-) are 7-dimensional. We summarize inference on H,(-) by showing
implied profiles. For example, for # = (CTX = 6,GM = 5) we show implied inference for
fy=~F {f fo(t) de(0)|data}, the estimated distribution of hematologic profiles over time
t for a patient treated with doses = (6,5). To define design vectors, as in (5) we index
the levels of CTX as v =1,...,4 and the levels for GM as w = 1,2 and use Ay, = By, =1
as identifiability constraint. Thus the corresponding design vector in (5) is d = (1,0,...,0),
including a main effect only. The figure shows the estimated mean curve f(¢) in the right
lower panel.



For patients treated at other doses, we display corresponding offsets in a familiar ANOVA
fashion. For example, for © = (1.5,5) the figure plots the posterior expected mean curve
corresponding to design vector d = (0, 1,0,0, 1) with offsets for v = 2 and w = 2. The second
panel in the top row shows df(t) = F {f faalt) dF(a)|data} . The other panels in the same

figure have analogous interpretations.
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Figure 2: Some typical patients.

5 Discussion

We have introduced a probability model for random distributions arranged in an ANOVA
like array. The main features of the proposed model are ease of interpretation, facility to
impose structure in the usual ANOVA like fashion, and efficient computation.

Limitations of the ANOVA DDP model are the need of MCMC simulation for posterior

inference, and the practical limitation to stick-breaking priors for the non parametric mixing
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Figure 3: FEstimated main effects A, and overall mean effect m. For identifiability, we
constrained Ay, = By, = 0. The right lower panel shows the estimated hematologic profile
for a patient treated with dose levels (CTX = 6, GM = 5). The other figures summarize the

offset corresponding to the respective main effect. See the text for a detailed explaination.
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measure. Also, the model inherits limitations inherent in the DP prior. For example, the
weights in the mixture are a priori stochastically ordered. The model includes only one
scalar precision parameter for the random mixing measure. This makes it impossible to
express different levels of prior precission across the sample space of the base measure. On
the other hand, the parsimonious prior parametrization facilitates prior elicitation.
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Appendix

We briefly describe the implementation of posterior simulation in the ANOVA DDP model
(5). Since F' is almost surely discrete (see Ferguson, 1973), there is a positive probability
for ties among the «;. Write {a7, ..., a}} for the of k < n distinct elements in {oq,..., o, }.
Set s; = j ifl a; = a}. Let n; be the number of s; equal to j, i.e. n; is the size of the jth
cluster and let I'; = {i : s; = j}. MacEachern and Miiller propose a Gibbs sampling scheme
to estimate MDP models’:

1. Resampling s; given all the other parameters:
marginalize over «; and sample s; from

niplyi | si=g %yl elyl#0) j=1,.,k
Pr (Si :.] | aivs—i7y77772) (8

MfN(yi; ad;, ¥)dFo(a) j=k™+1
where
a_y ={ar, ..., 1,041, .0}
S_i =481, ., 821, Siq1,---SI}
- n; — 1 lf] = S
"= n; otherwise
k™ = # of clusters with «; removed

If n;, = 0, we relabel the remaining clusters j = 1,...,k7 = k — 1. After sampling s;,

Lok if s; <k~
)l B4+l ifs; =k 41

set

2. Resampling o
the posterior distribution given all the other parameters, p(a¥ | s,y,n,%) is

p(a; | S, Y,1, Z) X H N(yi; Oz;di’ Z) Fo(Oé; | 77)

i€l

If Fo(a? | n) is Normal then also the posterior distribution of o is Normal with mean
0 and covariance matrix C that can be calculated through recursive equations. For
1€ 'y, set

Fi=d@ly

where Iy is the N x N identity matrix and @ denotes the kronacker product. Let a7}
be the column vector obtained by writing each column of a7 one after the other. We
obtain the linear regression model defined by

yi = Fai+w w~ N(w;0,95), 1 €1}
a; ~ N(a%;a; R)

J
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for some prior mean mean a and prior covariance matrix K. Therefore the posterior
mean and covariance matrix of a7 can be updated sequentially using standard result
of Normal theory. The same holds for p(y; | s; = 7;%;y : 1 € I';,1 # ¢), but in this
case we want to evaluate a predictive distribution.

3. We might wish to express uncertainty about the total mass parameter M (see West,
1992 for prior elicitation and posterior inference on M), n and ¥. In this last two cases,
conditioning on all other parameters leaves a standard Bayes model.
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