Cell Means Analysis of ANCOVA Designs

B. Nebiyou Bekele
The University of Texas M. D. Anderson Cancer Center
Roger E. Kirk
Baylor University

Waco, Texas 76798-7334



Cell Means Analyses for ANCOVA Designs

The advantage of using the cell means model approach to the analysis of variance is well
documented (Kirk, 1995; Milliken & Johnson, 1987; Searle, 1987; Woodward, Bonett, & Brecht,
1990). The purpose of this paper is to extend the cell means model approach to a variety of
analysis of covariance (ANCOVA) designs. A familiarity with the cell means model as described
by Kirk (1995) is assumed.

Searle (1987) and Hocking (1985) have described an approach to the cell means model
ANCOVA in which an error sum of squares for a reduced model under the restriction that
population means are equal is compared to an error sum of squares for the full model under no
restrictions. Unfortunately, their approach is not intuitive. An alternative approach to ANCOVA
designs is now presented.

Cell Means Model Approach
Completely Randomized Analysis of Covariance Design
For a completely randomized design, the null hypothesis for the cell means
model, C,\p, =0, can be expressed in a variety of ways where C} is a (p — 1) x p coefficient

matrix of full row rank that defines the null hypothesis and ﬁy isap x 1 vector of response

variable cell means. For a design with p = 4 treatment levels, one example is
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The between-groups sum of squares, A,,, for the cell means model is given by
Ay = (Cay) (CAXX) ' Ca) T (CaRy)., (1)

where X is a N x p design matrix. Kirk’s publication shows the coding of the design matrix



(Kirk, 1995, p. 241). The adjusted between-groups sum of squares, A,q;, for a completely
randomized analysis of covariance design is given by

(Ay +Ey)’

Aadj = (A w)— A TE, adj

W+E

)
The sums of squares in the formula can be expressed in matrix notation using a cell means model
by defining

Ay = (Caly) (CA(X'X)7"Ca) " (Chy)

Ay = (Cali,) (Ca(X'X)'Ca) H(Chty)

Ay, = (Caf,) (CA(X'X) ' Ca) H(Cutt,)

By = (XX) XYy
0, =(X'X) X'z
Eyy =yy-mX'y
E, =2y -pmX'y
E,=2'y-n,X'z
2
Eagj = Eyy - (Eézyz)

where p1, is a p x 1 vector of p covariate cell means, z is an N x 1 vector of covariates, and Eadj

is the adjusted within-groups sum of squares. The adjusted between- and within-groups mean
squares, respectively, are given by the following equations:

MSA,qj = Aagif (P — 1) and MSEg; = E5q/p(n — 1) - 1.
The F statistic for the adjusted between-groups treatment is F = MSA,;/MSE,g; with p — 1 and

p(n —1) — 1 degrees of freedom.



Randomized Block Analysis of Covariance Design
The extension of the cell means model to a randomized block ANCOVA design is as

follows. The adjusted treatment sum of squares, A,g;, is given by

A, 2
Aadj = (Ayy +Ry) —%— Radi 3)

where
Ay = (CAY)'(CACA ' (ChY)
Ay = (Ch2)'(CACA)(ChY)
Az = (Ch2)(CLCA) " (Ca2)
Ry = (R'Y)(R'R)(R')
Ry = (R'2) (R'R)(R'Y)
R, =(R'2) (RR)(R'2)

(Ry)?
RZZ

Radj = Ryy —

and R" isa (p— 1)(n — 1) x np coefficient matrix of full row rank that defines the hypothesis of
no interaction between the p levels of treatment A and the n blocks. The latter hypothesis can be

expressed as R'u =0, where p is an np x 1 vector of population means, and 6 isa (p — 1)(n - 1)

x 1 vector of zeros. An example of this hypothesis for a design with three blocks and three

treatment levels is provided as follows:
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The adjusted treatment and residual mean squares, respectively, are given in the following
equations:

MSA,dj = Aagi/ (P — 1) and MSR,gj = Ragif(P—1)(n—1) - 1.
The F statistic for a mixed model with A fixed and Blocks random is F = MSA,4;/MSR,q; with p
—21and (p-1)(n—1) -1 degrees of freedom.

The adjusted block sum of squares, S,g;, is given by

(S + Ry)®

+Ry) — Radi
WS, +Ry)

Sadj = (Syy

where

Syy = (ChLY)'(Chy Car) ™ (CaL)

Szy = (Ch12)'(ChL Cal) ™ (ChLY)

S22 = (Cp2)'(Ci Col) " (CpL.2)
and Cfp_ is an (n - 1) x np coefficient matrix of full row rank that defines the block null
hypothesis. The adjusted block mean square is given by MSS,q; = Syq;/(n — 1). The F statistic for

Blocks is F = MSS,3;/MSR,q; with n — 1 and (p — 1)(n - 1) - 1 degrees of freedom.

The adjusted sums of squares are a linear function of the covariate(s). One of the advantages
of these formulations of adjusted sums of squares is that the formulas have only two forms for

most designs. Experimental designs that take the form of equation (2) include the completely



randomized design, completely randomized factorial design, completely randomized fractional
factorial design, generalized randomized block design, and Latin square design. Designs that
take the form of equation (3) include the confounded factorial design, randomized block design,
randomized block factorial design, and split-plot factorial design.

When one observes formulas (2) and (3) for adjusted sums of squares, one does not
ordinarily think of these quantities in terms of the cell means model, although there is no reason
not to do so. The main result of this paper (shown in the appendix) stems from the recognition
that formulas (2) and (3) can be expressed using the general linear model approach represented

by formula (1).

Randomized Block ANCOVA Design with Missing Observations

When one or more observations are missing, several modifications to the analytic procedures
just described for a randomized block ANCOVA are necessary because the rows of the treatment
coefficient matrix C, and the rows of the block x treatment coefficient matrix R’ are usually
not orthogonal. A researcher wants to test a null hypothesis for treatment A subject to the

restrictions on the observation parameters, s, that all block x treatment population effects are

zero (see Kirk, 1995, pp. 289-301). This is accomplished by computing the sums of squares for

Ay, Ay, and A, using formulas that have the form of

S =(Q'Y)(Q'Q(QY) - (R'y)(R'R) L (Ry)

zZy

instead of
s =(Cy)'(C'C) M (Cy),

where Q' is an augmented matrix. To compute A,,, A,,, and A,,, the Q' augmented matrix is

yy! ©zy?
' R’
QA - CiA '

The formula for A, for example, is

vy

Ay = (Qay) (QAQA) (Q4Y) - (RY)(R'R)(RYY).



The formulas for A,,, and A,, are modified in the same manner.

7y
Split-Plot Factorial ANCOVA Design

The extension of the cell means model to a two-treatment split-plot factorial ANCOVA
design where treatments A and B are fixed effects and blocks are random effects is as follows.

Consider first the between-blocks sums of squares. The adjusted treatment A sum of squares,

Aqgj» 1S given by

(Azy+Ezy)2
Ay = (Ay +Ey) - —2—— — Eqi
ad] ( vy yy) Azz+Ezz adj

where
Ay =(Cay)'(CaC) (CaY)
Ay = (Ca2)'(CACA) (ChY)
Ay, =(Ca2)' (CACA) ™ (Ch2)
Eyy = (ChL(a)y)'(CrL(aC BL(A))_I(C'BL(A)Y)
E,y =(Ci(a2) (Chi(a)Cau(a) " (ChL(a))
E, = (C'BL(A)Z)'(C'BL(A)CBL(A))_1(C'B|_(A)Z)

(Eq)*
EZZ

Eagj = By —

and Cj, is a (p — 1) x npq coefficient matrix of full row rank that defines the treatment A null
hypothesis, Cg(a) is @ p(n — 1) x npq coefficient matrix of full row rank that defines the

hypothesis that the n block population means within each level of treatment A are equal, y is an
npgq x 1 response vector, n is the number of blocks within each level of treatment A, p is the

number of levels of treatment A, and z is an npg x 1 covariate vector. The adjusted treatment A



mean square and adjusted Blocks within A mean square, MSEqj: respectively, are given in the
following equations:

MSAadj = Aadj/(p —1)and MSEadj = Eadj/[p(n -1)-1].
The F statistic is F = MSA,q/MSE,q; with p — 1 and p(n - 1) — 1 degrees of freedom.

Treatment B and the AB interaction are within-blocks sums of squares. The adjusted

treatment B sum of squares, B,g;, is given by

(BZ + RZ )2
Bagj = (Byy + Ryy)_ﬁ — Ragj

where
By =(ChY)'(C4Cs) " (ChY)
B, = (C52)'(C4Cp) " (Chy)
B, =(C42)'(C4Cp)) " (Chs2)
Ry = (C'BxBL(A)y)'(CéxBL(A)CBxBL(A))il(CéxBL(A)y)
Ry = (CexaL(n)2) (ChxaL(aC BxBL(A))_l(C'BxBL(A)Y)

! ! ! 71 !
Ry, =(Chxara)2) (Chee(a)CrxL(A)) (CixBL(A)Z)

(Ry)?
RZZ

Ragj = Ryy —

and Cj is a (@ — 1) x npq coefficient matrix of full row rank that defines the treatment B null

hypothesis and Cfg, g (a) is @ p(n = 1)(q — 1) x npq coefficient matrix of full row rank that

defines the hypothesis of no interaction between the q levels of treatment B and the n blocks
within each level of treatment A. The adjusted treatment B mean square and adjusted B times

blocks-within-treatment A mean square, MSR,q;, respectively, are given in the following



equations:

MSBadj = Badj/(q - 1) and MSR&d] = RadJ/[p(n - 1)(q - 1) - 1]
The F statistic is F = MSB,qj/MSR,q; with g — 1 and p(n — 1)(q — 1) — 1 degrees of freedom. The

computation of MSAB,; follows the pattern illustrated for MSB,g;.

Split-Plot Factorial ANCOVA Design with Missing Observations
When one or more observations are missing, several modifications to the analytic procedures
just described for a split-plot factorial ANCOVA are necessary because the rows of the within-

blocks coefficient matrices Cg and Cg,g (4 and the rows of Cjg and Cg, g (a) are usually

not orthogonal. A researcher wants to test the null hypotheses for treatment B and the AB

interaction subject to the restrictions on the observation parameters, s, that all B x BL(A)

population effects are zero (see Kirk, 1995, pp. 576-580). This is accomplished by computing

vy Bzys Bzzs AByy, AB,y,

SS =(Q'Y) (Q'Q) (QY) — (ChyaL(aY) (CorLaCoxbL(n)  (ChrL(n)Y)

instead of

the sums of squares for B and AB,, using formulas that have the form

s =(C'y)'(C'O)(Cy),

where Q" is an augmented matrix. To compute By, B, and B, the Q" augmented matrix is
oh - |:C,BxBL(A):|
B — ’ '
Csg

For example, the formula for By, is

B,y =(QsY)'(QEQ 8) (Qgy) - (C'BXBL(A)Y)'(C'BxBL(A)CBxBL(A))_l(C'BxBL(A)y)-

AB,., and

The formulas for B yyr ABgzy,

zy» @nd B, are modified in the same manner. To compute AB

AB,,, the Q" augmented matrix is

. CaxBL(A)
QAB = |: ! *

AB



Confounded Factorial ANCOVA Design
The extension of the cell means model to a two-treatment (each treatment with 2 levels)

randomized block confounded factorial ANCOVA design (RBCFAC-22 design) is as follows. In
this design, treatments A and B are fixed effects, blocks are random effects and the AB
interaction is completely confounded with Groups.

Consider first the between-blocks sums of squares. The adjusted Groups (AB interaction)

sum of squares, G, is given by

(Gzy + Ezy )2

Gadj = (ny + Eyy) - GZZ N EZZ — Eadj

where
Gyy =(CgY)'(CsCs) “(ChY)
G,y = (C52)'(C5Cq) " (Coy)
G,, =(C52)'(CCq) '(Ch2)
Ey = (C'BL(G)Y)'(C'BL(G)CBL(G))_I(C'BL(G)V)
E.y =(CsL(6)2) (CaL)ChL(g) )_1(C'BL(G)Y)

’ ’ 1 _1 ’
E. = (CoL6)2)'(Chrc)CrL(e)) (ChL(G)2)

= By

E
Yy Ezz

adj =

and Cg is a (w — 1) x nvw coefficient matrix of full row rank that defines the Group null
hypothesis, Cp () is @ w(n — 1) x nvw coefficient matrix of full row rank that defines the

hypothesis that the population block means within each level of Groups are equal, y is an is an

nvw x 1 response vector, n is the number of blocks within each level of treatment A, w is the

10



number of levels of Groups, v is the number of combinations of treatments A and B within each

block, and z an nvw x 1 covariate vector. The adjusted Group mean square, MSGggj, and adjusted
Blocks within Groups mean square, MSEg;, respectively, are given by the following equations:
MSGygj = Gagjf (W — 1) and MSEg; = E,q/[w(n — 1) — 1].
The F statistic is F = MSG,qj/MSE,q; with w — 1 and w(n — 1) — 1 degrees of freedom.
Consider next the within-blocks sums of squares. The adjusted treatment A sum of squares,
Aqgj» 1S given by

(Ay +Ry)
Angi = (A +Ry ) ——2L—2 _ R
adj ( vy yy) Azz + Rzz adj

where
Ay =(CRY)(CAC) " (Chy)
Agy = (Ca2)'(CACA) ' (ChY)
Az =(Ch2)' (CaCa) " (Ci2)
Ryy = (ChaexaL(6)Y) (CaBxBL(G)C ABx BL(G))_l(C'ABx BL(G)Y)
Ryy = (ChgxpL(6)2) (Chs<BL(6)CaBx8L(G)  (ChsxaLG)Y)

’ ’ ! _1 !
Rz = (ClagxeL(6)2) (ChgxBL(G)CaBxBLEG)) (ChexBL(G)2)

(Ry)’
Radj = Ry — R,

and Cj, is a (p — 1) x nvw coefficient matrix of full row rank that defines the treatment A null
hypothesis, Cg, g1 (c) 1S @ W(N — 1)(v — 1) x nvw coefficient matrix of full row rank that defines

the hypothesis of no interaction between the v combinations of treatments A and B and the n

blocks within each level of Groups. The adjusted treatment A mean square and the adjusted

11



AB x BL(G) mean of squares, respectively, are given by the following equations:
MSAadj = Aadj/(p - 1) and MSRadj = Radj/[W(n - 1)(V - 1) - 1]
The F statistic is F = MSA;;/MSR,q; with p — 1 and w(n — 1)(v — 1) — 1 degrees of freedom. The

computation of MSB,; follows the pattern illustrated for MSAg;.

Generalization to More than One Covariate

The adjusted sum of squares formula (2) can be generalized to more than one covariate as
follows.
Aagi = (Ay +Ep) — (y +5) (A +E5) H(ay +e5) — (Eyy — €y (B) teyy)
where a,, isa p’ x 1 vector
8y = (CaR,) (CAX'X) "Ca) " (ChRy)

= (CA(X'X) TX'Z)(CA(X'X)1CA) (CAX'X) X"Y)
= (CAXX) X Z) (CA(XX) M CA) H(CA(XX)IXy)

' ! -1 ! (4 -1 -1 Y] ] -1 r
= Z'(X(X'X) "CA)(CA(X'X) "Cp) "(CA(X"X) "X)y
and Z is anp x p’ matrix of p’ covariates. Following the same pattern for A;, and A,y we have

Ay = Z'(XXX) TCA)(CAXX) T Ca) T (CA(X'X) X)Z

Ay = VXX CA( A X) T Ca) (SR X)Xy
where Az isa p’ x p’ matrix.
We can express e, as
&y =2y — X'y
=Z'y - Z’X(X'X) "Xy

=Z'(1 = X(X'X) ' X")y.
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Following the same pattern for E,, and E,, we have

E,=2Z'(1 - X(X'X)'X")Z

Eyy = Y'(1 = X(X'X)*X)y.
This generalization allows for a smooth transition from the one-covariate case. For some designs
the error term represented by Eyy, may not be appropriate. For example, Ey is not appropriate for
a randomized block ANCOVA.

Similarly, the adjusted sum of squares in equation (3) for randomized block designs can

generalized to
Aadj = (Ayy + Ryy) - (azy + rzy)’(Azz + Rzz)_l(azy + I’-zy) - (Ryy - réy(Rzz)_lrzy)

where a,,, A, and A, are defined as in the equation above except that we replace

Zy

X’X with the identity matrix. Moreover r,, can be expressed as
ry =(R2)(RR)(RY)

and R is defined in equation (3). The quantities R,, and R, follow the same pattern as r,, .

Conclusions

The procedures described here provide an intuitive extension of the cell means model to a
variety of ANCOVA designs. Examples for the completely randomized design, randomized
block design, split-plot factorial design, and completely confounded factorial design were
provided. The simplicity of the approach given here can easily be extended to other ANCOVA
designs and applications, such as testing the significance of linear and other trend components.
The approach allows a researcher to perform an analysis of covariance that is consistent with the

cell means model approach to analysis of variance. Defining the research hypothesis in terms of
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C'u = 0 and then adjusting the sum of squares is very appealing. Furthermore, the formulas are

minor modifications of the cell means sum of squares formulas used for ANOVA.
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Appendix
To show that formula (3) can be expressed in terms of the matrix formulation of (1) we use a
technique suggested by Seber (1977) involving the addition of one or more regressors to a
regression model. It can be shown that the error sum of squares for the regression model with a

new regressor can be obtained by minimizing the normal equations

e'e=(y-WB-2Zy)'(y-WB-Zy) (4)

where W is a matrix of original covariates and Z is a new covariate vector (or matrix).
We minimize the normal equations by setting de'e / 9 =0 and de’e / 0y = 0. Seber shows that

the error sum of squares can be expressed as

g'e=(y-Xp—2Zy)'(y-Xp-2y)
=y'Ry-yZ'Ry

where

7 =(Z’R2)*Z'Ry and R = (1 - W(W'W)W')
To obtain the adjusted sum of squares formula in expression (3,) we first obtain the normal
equations for the cell means model

g'e=(y—Xp-2Zy)'(y - Xpn-2y)
where X is a cell means design matrix. The error sum of squares for this model has the same
form as equation (4) above, except that W is replaced by X.

To obtain expression (3) we solve the normal equations de'e / du=0 and de’e /0y =0

subject to the restriction that C'n = 0. Using Lagrangian multipliers, we may obtain the error
sum of squares subject to the restriction C'u = 0. The cell means estimates under the restriction

is
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Br =By —B¥r — (XX)TCCXX) ) Clpy — pat)
and the estimate of y under the restriction is
7, =Z'(R+K)2)'Z(R+K)y
Thus, the error sum of squares for the reduced model is
erer = (Y= Xpy — 2y, ) (Y= Xpr - Zy,)
=Y'(R+K)y-7;Z' (R+K)y
where K = X(X'X) " C(C/(X'X) )t C(X'X) X'
It is a well-known result in the theory of the general linear model that to test the significance of a
particular restriction one must take the difference between the restricted and full models. This
difference, after much tedious matrix algebra, can be expressed as
erer —e'e =Y (R+K)y-y;Z'(R+K)y-y'Ry +y;Z'Ry,
which in the case of one covariate may be re-expressed as expression (2).
For standard experimental designs involving blocks, there is only one observation per cell. For
this type of design, the error sum of squares for the model is calculated under a restriction
(usually denoted as the residual sum of squares). For example, the residual sum of squares for
the randomized block design is the error sum of squares under the restriction that all interactions
are equal to zero. Moreover, because there is only one observation per cell, we have that

X'X=1,and XX"=1,. For these situations, the residual sum of squares for the model with one
covariate is

g'e=y Ky -7/ Z'Kyy
where

Yr= (Z'Klz)_lz'Kly

and Cipy is a restriction on the cell means that defines the residual sum of squares for the block
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design under consideration (e.g., for the randomized block model, Cjp, is the restriction that all

interaction terms are zero), and

K; = XC(CiC;) "CiX.

To obtain expression (4) we solve the normal equations de'e / ou =0 and dg'e / dy = 0 subject to

the restriction that Cju =0 and C,u = 0. Furthermore, we must have C;C, = C,C; = 0 because

these contrasts define the orthogonal partitions of the total sum of squares. Using Lagrangian

multipliers, we may obtain the error sum of squares subject to the restrictions that Cju =0 and

C,u = 0. The cell means estimates under these restrictions are
Rr =Ry — R — C1(CIC) Ciliy —B7) — Co(C4C,) " Ch(Ry — o)
and the estimate of y under these restrictions is
Ve =(Z'(Ky+ Kp)2) 2/ (Ky + Koy

Thus, the error sum of squares for the reduced model for this block design is

erer = Y'(Ky + Koy — 112/ (K + K,y
where K; = XC,(C,C) Ci{X’ and K, = XC,(C,C,) *Cy X'
Thus, the treatment sum of squares is (again, after much tedious matrix algebra)

erer —e'e =Y (K + Koy — 11 Z/(Ky + Kp)y — YKoy + 11Z'Kyy,

which in the case of one covariate may be re-expressed as equation (3).

The same steps may be used to obtain the adjusted sum of squares for the split plot and

confounded factorial designs.
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